A second-order modified rational harmonic balance method is used for approximately solve the nonlinear differential equation that governs the oscillations of a system typified as a mass attached to a stretched elastic wire for which the restoring force for this oscillator has an irrational term with a parameter λ that characterizes the system. A frequency-amplitude relation is constructed and this frequency is valid for the complete range of oscillation amplitudes A and parameter λ, and excellent agreement of the approximate frequencies with the exact one is demonstrated and discussed. The discrepancy between the approximate frequency and the exact one never exceed 0.12%. This error corresponds to λ = 1, while for λ<\ the relative error is much lower. For example, its value is lower than 0.017% for λ = 0.5.
Introduction
Considerable attention has been directed towards the study of nonlinear oscillatory problems in physics and engineering [1, 2] . There is a large variety of approximate methods commonly used for solving nonlinear oscillatory systems including perturbations [1] [2] [3] [4] [5] , variational [6] , variational iteration [7] [8] [9] [10] , homotopy perturbation [11] [12] [13] [14] [15] [16] [17] or harmonic balance [2, [18] [19] [20] [21] [22] [23] [24] methods, etc. Surveys of the literature with numerous references and useful bibliography and a review of these methods can be found in detail in [2] and [17] . In this paper we apply a modified generalized, rational harmonic balance method to obtain analytic approximate solutions for a nonlinear oscillator typified as a mass attached to a stretched elastic wire. This nonlinear oscillator has been studied by Mickens using the harmonic balance method [2] and it has been recently analyzed by Belendez et al. using the harmonic balance method [21] and the homotopy perturbation method [25] and by Sun et al. [26] using a Newton-harmonic balancing approach, by Lan Xu [27] using He's parameter-expansion method and by Da-Hua Shou [28] using a variational approach. However in most of these papers only the first-order approximation is considered and only Sun et al. [26] take into account higher-order approximations, but they do not solve the nonlinear differential equation directly because they rewrite the second order differential equation in a form that does not contain the square-root expression. We will see that the modified rational harmonic balance method considered in this paper can be applied to nonlinear oscillatory systems where the nonlinear terms are not small and no perturbation parameter is required. In this method the approximate solution obtained approximates all of the harmonics in the exact solution [29] , whereas the usual harmonic balance techniques provide an approximation to only the lowest harmonic components. In an attempt to provide better solution methodology a modification in this technique is proposed. The approximate frequency derived here is more accurate and closer to the exact solution and the error in the resulting frequency is reduced and the maximum relative error is less than 0.12% for all values o(A.
Solution procedure
Considered a one-dimensional, nonlinear oscillator governed by 
Eq. (1) is an example of conservative nonlinear oscillatory system having irrational form for the restoring force and it corresponds to the dimensionless equation of motion of a mass attached to a stretched wire [1] . This is a conservative nonlinear oscillatory system and has the first integral (3) where Ε is the "total energy" of the nonlinear oscillator and the potential function has the irrational form [1] (4) All the motions corresponding to Eq. (1) are periodic [1] and the system will oscillate between the symmetric bounds[-A,A], and the angular frequency and corresponding periodic solution of the nonlinear oscillator are dependent on the amplitude A.
For large jc, and forO<l<l,Eq. (1) approximates that of a linear harmonic oscillator dt 2 = 0 for χ » 1 and 0<A<1 (5) so, for large A, we have o«l. For small je, and for 0<Λ<1, the equation of motion also approximates that of a linear oscillator = 0 forA-«land (6) dr and <y « Λ/1 -A for small A. However, for small x, and for λ = 1, Eq. (1) approximates that of a truly nonlinear cubic oscillator -4-+ -je 3 = 0 for A·« 1 and λ= 1 (7) df 2 2 and ω« 0.59907/1 [2] , which tends to zero when A decreases. Consequently the angular frequency ω increases from τ]1-λ to 1 as the initial value of x(0) = A increases.
Eq. ( 1 ) is not amenable to exact treatment and, therefore, approximate techniques must be resorted to.
The main objective of this paper is to solve Eq. (1) by applying a modified rational harmonic balance method (RHBM) introduced by Belendez et al. [30] . A new independent variable τ = ύΧ is introduced. Then Eqs. (1) and (2) The new independent variable is chosen in such a way that the solution of Eq. (8) is a periodic function of τ of period 2π. The angular frequency of the nonlinear oscillator is ω and it is a function of the initial amplitude A. The corresponding period of the nonlinear oscillation is given by Τ-2π/ω. Both the periodic solution x(l) and frequency ω (thus period T) depends on A. In order to determine an approximate solution, we use a generalized, rational form given by the following expression [1, 29] , r) = (10) In this equation AI, B 2 and ω are to be determined as functions of the initial conditions expressed in Eq. (9) (17) where
Setting the coefficients of cos r and cos 3 r to zero in Eq. (17) we can obtain B 2 and the second order approximate frequency ω as a function of A. From Eqs. (12)- (19) we obtain
where K(m) and E(m) are the complete elliptic integrals of the first and second kind, respectively, defined as follows 
Solving Eq. (20) for ω yields
(24) and substituting Eq. (24) into Eq. (21) gives the following cubic equation which must be solved to obtain #>
where and
Tlie polynomial discriminant, D(A), of Eq. (25) is defined as follows [1] \vhere 9α,α 2 -27α 0 -2α 2 3
27
(32)
Determining which roots of Eq. (25) are real and which are complex can be accomplished by noting that if the polynomial discriminant D>0, one root is real and two are complex conjugates; if D = 0, all roots are real and at least two are equal; and if D < 0, all roots are real and unequal [1] . As we can see in Eq. (24), for B 2 = 0, the approximate frequency for the first-order harmonic balance (HBM) approximation is obtained (34) Therefore, the second approximation to the periodic solution of the nonlinear oscillator is given by the following equation
This periodic solution has the following Fourier series expansion
where [30] As we can see, Eq. (35) gives an expression that approximates all of the harmonics in the exact solution whereas the usual harmonic balancing techniques provide and approximation to only the lowest harmonic components.
Results and discussion

Comparison with the exact and other approximate solutions
We illustrate the accuracy of the proposed approach by comparing the approximate frequency o^A) obtained in this paper with the exact frequency co e (A) and other results in the literature. The calculation of the exact angular frequency, oa e (A), proceeds as follows. A first integral of Eq. (1) is [1] (38) where we are taken into account the initial conditions in Eq. (2). We can derive the exact frequency as follows
Sun et al [26] rewrote Eq. (1) as follows (40) and applying a linearized harmonic balance method they obtained the following second-order approximate frequency
Comparison of the exact frequency u) e (A) obtained by integrating Eq. (39), with the proposed frequency co 2 (A) computed using Eqs. (24) and (25) From Tables 1 -5 , it can be observed that Eq. (24) yields excellent analytical approximate frequencies both for small and large values of oscillation amplitude A and parameter λ.
Furthermore, it has shown that the analytical approximate frequency in Eq. (24) is more accurate that that in Eq. (34). We have (24), (47), (48) and (49) 
An alternative approximate solution for B 2
Now we are going to considerer a simpler expression for B 2 and then for a> 2 . Eq. (25) is cubic and therefore has three solutions. However, the root of interest is one for which l^l«! .To proceed, assume that such a solution, B 2 , exists (this is not actually an assumption, because we have seen in section 2 that Z? 2 exists and its value is lower than one).
A first approximate value SQ^ can be determined by neglecting the first two terms in Eq. (25) 0 (53)
To further improve this result, we assume that B 2 can be written as follows 
where Eq. (54) has been taken into account and bo, b\, Z>2 and 63 are given in Eqs. (27) 50)).
In Table 6 we present the relative error of the approximate frequency ω 2 (Α) when the exact expression of B 2 (solution of the cubic equation, Eq. (25)) and the approximate expression of B 2 given in Eq. (57) are used. The values of B 2 have been also included. We have only consider λ = 1 because the relative errors are the highest for this value of λ (see Table 5 ). As we can see both relative errors are more similar and this implies that the approximate (and simpler) expression for B 2 given in Eq. (57) is adequate for approximately solve this nonlinear oscillator by using the rational harmonic balance method. Figure 6 shows the relative error of the second-order approximate frequency given in Eq. (59) as a function of A for λ = 1. As we can see the discrepancy of the approximate frequency with the exact one never exceeds 0.12% (for a^(A) this discrepancy is as high as 2.2% [21] ). Oscillation amplitude Λ Relative error of the second-order approximate frequency given in Eq.
(59) as a function of A for λ = 1.
Conclusions
In summary, a modified rational harmonic balance method has been presented for analytically solving the oscillator typified as a mass attached to a stretched elastic wire. The major conclusion is that this scheme provides excellent approximations to the solution of this nonlinear system with high accuracy. A new procedure for solving the cubic equation for ΒΪ is presented and discussed. The analytical representations obtained using this technique give excellent approximations to the exact solutions for the whole range of values of oscillation amplitude A and parameter λ, including the limiting cases of oscillation amplitude approaching zero and infinity. The discrepancy between the approximate frequency and the exact one never exceed 0.12%. The results presented in this paper are the best reported for this type of nonlinear oscillator at the present time and they conform the future application of this modified rational harmonic balance method for other conservative nonlinear oscillators.
